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1. INTRODUCTION
w xRecently, L. Nania 4 gave a reversal of the well-known inequalities
between power means of orders p and q: If f is a positive integrable
w xfunction on 0, a , then we have, for all real numbers p and q with
0 - q - p,
1rp 1rq
a a1 1p q
R f s f x dx f x dx G 1, 1.1 .  .  .  .H Hp , q  /  /a a0 0
w xNamely, L. Nania 4 proved
THEOREM A. Let C ) 1 and q ) 1 be real numbers. If f is a positi¨ e
 xdecreasing function on 0, a satisfying
1 1t tq qy1f x dx F Cf t f x dx for all t g 0, a , 1.2 .  .  .   .H Ht t0 0
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w . p .then we ha¨e for all p g q, q q e that f g L 0, a and
1rprq1a
R f F , 1.3 .  .p , q a y r a y 1 .
where
a s Cqr q y 1 , r s prq, and e s qr a y 1 . 1.4 .  .  .
w xAn improvement of this result was given by H. Alzer 1 , as follows:
THEOREM B. Let C ) 1 and q ) 1 be real numbers. If f is a positi¨ e
 xdecreasing function on 0, a satisfying
1 1t tq qy1f x dx F Cf t f x dx 1.5 .  .  .  .H Ht t0 0
 x w . p .for all t g 0, a , then we ha¨e for all p g q, q q d that f g L 0, a and
1rprq1b
R f F , 1.6 .  .p , q b y r b y 1 .
where
1rqqy1Cq 1 q y 1
b s 1 y g 1, a , . . /q y 1 C q
r s prq, d s qr b y 1 ) e . 1.7 .  .  .
In this paper, we give corresponding results with weaker conditions for
the function f.
In the proofs, we shall use the following three lemmas:
 w x.LEMMA 1.1 Hardy's Inequality 2, p. 143 . Let a nonnegati¨ e function g
q .belong to L 0, a , for some q ) 1. Then
q q
a a1 qt q
g s ds dt F g t dt. 1.8 .  .  .H H H /t q y 10 0 0
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w x q .LEMMA 1.2 5; 2, p. 160 . Let q ) 1 be a real number and let f g L 0, a
be a nonnegati¨ e function. Then we ha¨e
q q
a x a1 q
1yqf t dt dx q a f x dx .  .H H H / /x q y 10 0 0
q
aq qF f x dx. 1.9 .  .H /q y 1 0
w x  xLEMMA 1.3 3 . Let f be a positi¨ e decreasing function on 0, a . If there
exists a constant A ) 1 such that
1 t
f x dx F Af t for all t g 0, a . 1.10 .  .  .  .Ht 0
w  .. r .then we ha¨e for all r g 1, Ar A y 1 that f g L 0, a and
r
a a1 A 1r
f x dx F f x dx . 1.11 .  .  .H H /a A y r A y 1 a .0 0
w x  .  .LEMMA 1.4 6, p. 370, Lemma 2 . If f x is continuous in a, b and
Dqf G 0 almost e¨erywhere in the inter¨ al, and D f is nowhere y`, thenq
 .f x is a nondecreasing function.
2. RESULTS
First we prove the following lemma:
 xLEMMA 2.1. Let f : 0, a ª R be a nonnegati¨ e integrable function. If
 .  . x  .  x  .  . x  .f x F 1rx H f t dt for e¨ery x g 0, a , then F x s 1rx H f t dt is a0 0
 xdecreasing function on 0, a .
 . x  .Proof. Since xF x s H f t dt, we have0
xF9 x q F x s f x a.e. F F x ; so F9 x F 0 a.e. . .  .  .  .  .  .  .
w xSince F is continuous on e , a for every 0 - e - a, there exists, for
 . w xevery such e , a constant M such that F x F M for every x g e , a ande e
 .  .so f x F F x F M .e
 . x  .Let G x s H f t dt. We have0
G x q h y G x .  .qD G x s inf sup .
hd)0 0-h-d
f t dt .xqh
s inf sup - M - `H ehd)0 x0-h-d
w xfor every x g e , a .
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 .  .  . q  . q  .Since xF x s G x , we have F x q xD F x s D G x and, using
q  . q  . w xD G x - `, we obtain D F x - ` for every x g e , a .
  .. q  . w xIt is obvious that D yF x s yD F x ) y` for every x g e , aq
q  ..  .  .  xand that D yF x s yD F x G 0 a.e. on 0, a . Thus, by Lemmaq
w x1.4, the function yF is increasing and, hence F is decreasing on e , a for
 xevery 0 - e - a. This obviously implies that F is decreasing on 0, a .
THEOREM 2.1. Let C ) 1 and q ) 1 be real numbers. If f is a positi¨ e
 xfunction on 0, a satisfying
1 1t tq q qy1f t F f x dx F Cf t f x dx for all t g 0, a , 2.1 .  .  .  .   .H Ht t0 0
w x p .  .then we ha¨e, for all p g q, q q e that f g L 0, a and inequality 1.3
 .holds where a , r, and e are defined by 1.4 .
w xProof. We shall use the idea of proof from 4 . Integrating the second
 .inequality in 2.1 and applying Holder's inequality and Hardy's inequality,È
 xwe obtain, for all s g 0, a
q q
s s1 1t tq qy1qf x dxdt F C f t f x dxdt .  .  .H H H H /  /t t0 0 0 0
qqy1s s 1 tqqF C f t dt f x dx dt .  .H H H /  /t0 0 0
qqy1s sqq qqF C f t dt f t dt. 2.2 .  .  .H H /  /q y 10 0
 .  . t  .q  .We set F t s 1rt H f x dx; then 2.2 can be written as0
qq
s1 Cq
F t dt F F s .  .H /  /s q y 10
and so
s1
F t dt F aF S for all s g 0, a . 2.3 .  .   .Hs 0
 .By Lemma 2.1, F t is a decreasing function. Therefore, we can apply
 .Lemma 1.3 with F and a instead of f and A. From 1.11 , we get, for all
w  ..r g 1, ar a y 1
r
a a1 a 1r
F t dt F F t dt , 2.4 .  .  .H H /a a y r a y 1 a .0 0
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 .while from the first inequality in 2.1 we have
r1 tq r q r
f t F f x dx s F t .  .  .H /t 0
so that
a a1 1qr r
f t dt F F t dt .  .H Ha a0 0
r
aa 1
F F t dt by 2.4 .  . .H /a y r a y 1 a . 0
rMq1 aa 1 qF f x dx by 2.3 . .  . .H /a y r a y 1 a . 0
 .If we set r s prq, we get inequality 1.3 .
THEOREM 2.2. Let C ) 1 and q ) 1 be real numbers. If f is a positi¨ e
 x  .function on 0, a satisfying 2.1 and
q1 1t tq
f x dx F C f x dx for all t g 0, a , 2.5 .  .   .H Ht t0 0
w . p .then we ha¨e, for all p g q, q q d , that f g L 0, a and the inequality
 .  .1.6 holds where b , r, and d are gi¨ en by 1.7 .
w xProof. We shall use the idea of proof from 1 . As in the proof of
 xTheorem 2.1, we have, for all s g 0, a
q qqy1s s s1 1t tq qqf x dxdt F C f t dt f x dx dt. .  .  .H H H H H / /  /t t0 0 0 0 0
Application of Lemma 1.2 gives
q qqy1s s s1 qt q q qqf x dxdt F C f t dt f t dt .  .  .H H H H /  / /t q y 10 0 0 0
q
sq
1yqy s f t dt . 2.6 .  .H /q y 1 0
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 .  . t  .q  .We set F t s 1rt H f x dx; then 2.6 can be written as0
qq qqs s1 Cq C q 1 qy1F t dt F F s y f t dt F s .  .  .  .H H /  / /s q y 1 q y 1 s0 0
qq qy1 sCq q y 1 1rs H f t dt .  . .0s F s 1 y . . qs /  /q y 1 q 1rs H f t dt .  .0
2.7 .
 .Using 2.5 we get
qq qy1
s1 Cq 1 q y 1
F t dt F F s 1 y , .  .H /  /  /s q y 1 C q0
which leads to
s1
F t dt F bF s 2.8 .  .  .Hs 0
with
1rqqy1Cq 1 q y 1
b s 1 y . /q y 1 C q
The rest of the proof is as in the proof Theorem 2.1 but with the constants
b instead of a and d instead of e .
 .Remark. If f is a decreasing function, then the first inequality in 2.1
 .is satisfied; so Theorem 2.1 gives Theorem A. Also the inequality 2.5 is,
 xin this case, also satisfied since we have, for all t g 0, a ,
q1 1 1t t tq qy1f x dx F Cf t f x dx F C f x dx . .  .  .  .H H Ht t t0 0 0
Therefore, Theorem 2.2 gives Theorem B.
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